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ABSTRACT
In topologically massive QED2+1 with N flavours, there is the possibility that two equal-
charged fermions can form a bound state pair in either s-wave or p-wave. We are concerned
about the s-wave pairs and obtain the low energy effective action describing them. It is
shown that the fermion pairs behave like doubly charged spin-1 bosons and, when they
condense, the gauge field aquires the longitudinal mass. The approximate SU(2) symmetry
due to the similarity between the fermion pairs and the gauge field is discussed.
∗e-mail address: hshin@chep6.kaist.ac.kr
The topologically massive QED in (2+1) dimensions [1] is the usual QED with a Chern-
Simons (CS) term and its Lagrangian is of the form as follows:
LTMQ = −1
4
FµνF
µν − κ
4π
ǫµνλAµ∂νAλ − eAµjµ + Lm (1)
where jµ is the matter current and Lm the kinetic term of matter. One of the features of
this model is that, due to the structure of the CS term, a charged particle at rest is a source
of not only an electric field but also a magnetic field. Based on this, it has been shown in
ref. [2] that the magnetic moment leads to a short-range interaction between particles, and
the particle dynamics is drastically changed. In the subsequent works [3,4], it has also been
shown that bosonic as well as fermionic matter can have its magnetic moment.
For the fermionic particles, there appears an interesting possibility that the interaction
due to the magnetic moment may be attractive even between equally charged fermions and
hence it is expected that bound states appear under certain circumstances. Some authors
have investigated on this possibility and argued that, although the exact analytical solution
has not yet been given, it is indeed possible that such bound states appear [2,5–7].
The strength and the form of the interaction between two equally charged fermions
mediated by topologically massive photon are obtained by calculating the amplitude M
of Mo¨ller scattering. In refs. [2,4–7], the tree level calculations of M have been done in
the nonrelativistic limit as follows: i) For the scattering of fermions with different types in
an antisymmetric manner, the amplitude, say Ms, gives a pure s-wave interaction Ms =
−(e2/m2T )(mT/m− 1) where mT (= κ/2π) is the topological (transverse) mass of the gauge
field and m the fermion mass. ii) For the scattering of identical fermions, the amplitude,
say Mp, gives a pure p-wave interaction Mp = −2(e2/m4T )(mT/m − 1)p · p′ where p (p′)
is the momentum of the incoming (outgoing) fermions in the center of mass frame. These
imply that, for mT/m > 1, s- and p-wave fermion-fermion bound states may exist. Now this
argument may be doubtful since it has been given in the tree level approximation. However,
since the tree level results remain unchanged at least at one-loop order [8], the arguments
for the bound states still remain.
1
Besides on the existence of the fermion-fermion bound state pair itself, one may now
consider an interesting problem of what behavior the pairs show up when they form. In
ref. [2], this problem was considered for the case of identical fermions, where only the p-
wave pairing is possible, and the possible vacuum instability was investigated by solving
the gap equation. In this paper, we are concerned about the problem in the case where
the pairing occurs in the s-wave and treat it by following the procedure of obtaining the
Landau-Ginzburg description of Cooper pairs from the microscopic BCS theory [9].
The Lagrangian (1) itself would not be considered in our work. Instead of it, by mimicking
the BCS theory, we consider the Lagrangian where the short-range interaction term of
fermions due to photon exchange is explicitly included. The form of the interaction term
can be inferred from ref. [10] where the similar situation with ours was presented. In there,
the interaction being responsible for the pairing of two equally charged fermions was the
four-fermion one and was represented by using the doubly charged bilinear in the fermion.
The bilinear was the scalar type and given by introducing the charge conjugated fermion
field, ψc = Cψ¯T , C being the charge conjugation matrix. In our case, the interaction term
must be the vector type since the gauge field leads to the vector type interaction as can be
shown from (1). And the fact that the s-wave pairing is that of fermions with different types
in an antisymmetric manner leads us to introduce at least two types of fermions, which we
label them as A type (ψA) and B type (ψB). Then the relevant interaction term can be
written down as follows:
g(ψ¯γµτ
Tψc)(ψ¯cγµτψ) , (2)
where g is the coupling constant and ψT = (ψA, ψB) is the four component spinor (ψA and
ψB are two component spinors). Here the gamma matrices and τ matrix is given by
γ0 =

 σ
3 0
0 σ3

 , γj =

 iσ
j 0
0 iσj

 , τ =

 0 I
−I 0

 , (3)
(j = 1, 2)
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where σi (i = 1, 2, 3) are the usual Pauli matrices and I the unit 2 × 2 matrix. The
matrix τ plays the role of mixing A and B type fermions antisymmetrically. With these
representations, the relations†
{γµ, γν} = 2gµν ,
γµγν = gµν − iǫµνργρ , (4)
[γµ, τ ] = 0
are satisfied and the charge conjugation matrix C becomes
C = γ2 . (5)
Now, by using the on-shell positive energy spinor [8], one can easily check that, in the
nonrelativistic limit, the interaction (2) gives just the s-wave result of Ms and
g ∝ mT
m
− 1 , (6)
which means that the interaction is attractive if g > 0. Thus it is concluded that the
interaction (2) describes correctly the interaction of fermions in the theory (1) at least in the
low energy region. By the way, the coupling constant g has negative mass dimension, [g] =
−1, and hence the four-fermion interaction (2) is not renormalizable under the conventional
perturbation method. However, such interaction turns into renormalizable one in the large
N perturbation theory where N is the number of fermion flavours [11]. This naturally leads
us to introduce fermion flavours. Then the Lagrangian we consider is given by
L = ψ¯i(i6∂ − e6A−m)ψi − g
N
(ψ¯iγµτ
Tψci )(ψ¯
c
jγ
µτψj) (7)
where flavour indices i and j range from 1 toN . The gauge field Aµ is purely external and the
Maxwell-CS kinetic term for it is omitted here. As an important symmetry, this Lagrangian
is invariant under the U(1) local gauge transformations: ψ → eiΛψ and Aµ → Aµ−(1/e)∂µΛ.
†Our conventions are gµν = diag(1,−1,−1), ǫ012 = +1 and ǫij = ǫ0ij.
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The four-fermion term in (7) may be linearized by introducing an auxiliary complex
vector field χµ. The linearized form of (7) is then
L = ψ¯i(i6∂ − e6A−m)ψi − χ∗µψ¯ciγµτψi − χµψ¯iγµτTψci +
N
g
χ∗µχ
µ . (8)
In order to maintain the gauge invariance of L, the vector field should transform as χµ →
ei2Λχµ, which means that the charge of the vector field is 2e. By analogy with the BCS theory,
the vector field χµ in (8) is interpreted as the condensate and describes the fermion-fermion
pair, which may be viewed from the equation of motion for the field, χµ = (g/N)ψ¯
cγµτψ. In
what follows, we calculate the low energy effective action for the vector and the gauge fields,
after the investigation of the phase structure according to the coupling constant g. All the
formulations are performed to leading order in 1/N and the flavour indices are omitted from
now on. As a remark, it should be emphasized that only the low energy effective action
is meaningful since the four-fermion term in (7) reflects only the low energy aspect of the
interaction between fermions in the system (1).
The Lagrangian (8) is bilinear in the fermion field, and may be integrated out for the
field. Although it is so, some care is needed because of the presence of the charge conjugated
field, ψc. We first recall the invariance of ψ¯(i6∂ − e6A−m)ψ under the charge conjugation;
ψ¯c(i6∂ − e6Ac −m)ψc = ψ¯(i6∂ − e6A−m)ψ (9)
where the charge conjugated gauge field Acµ is given by −Aµ as usual. By using (9) and
introducing new field variable θ,
θ =
1√
2

 ψ
ψc

 , (10)
we can rewrite the Lagrangian (8) as follows:
L = θ¯Kθ + N
g
χ∗µχ
µ (11)
where K is a matrix and defined by
4
K =

 i6∂ − e6A−m −2χµγ
µτT
−2χ∗µγµτ i6∂ + e6A−m

 . (12)
This Lagrangian is clearly bilinear in the θ fields.
Now the effective action for the vector and gauge fields may be attained by integrating
over the θ fields:
exp iSeff [χ, χ
∗, A] =
∫
Dθ¯Dθ exp
(
i
∫
d3xL
)
. (13)
The formal expression of Seff is
Seff =
N
g
∫
d3xχ∗µχ
µ − iN
2
ln detK (14)
where det is the functional determinant. It should be noted here that the factor 1/2 is
multiplied to the second term of the r.h.s. of eq. (14) since the θ integration gives double
the result obtained from the original ψ integration as can be known from the definition of
θ (10). detK in (14) may not be directly evaluated because of the matrix nature of K. To
make it more tractable, we decompose K by using the following identity:
 A B
C D

 =

 A 0
C 1



 1 A
−1B
0 D − CA−1B

 . (15)
We then obtain, after a few manipulations,
detK = det2(i6∂ − e6A−m) det
(
1− 4 1
i6∂ + e6A−mχ
∗ · γ 1
i6∂ − e6A−mχ · γ
)
, (16)
where we use the fact that det(i6∂ + e6A −m) is equal to det(i6∂ − e6A −m) due to Furry’s
theorem and remove the τ matrices by using eq. (4). By substituting this into eq. (14), the
effective action becomes
Seff = SA + SχA (17)
where
SA = −iNTr ln(i6∂ − e6A−m) , (18)
SχA =
N
g
∫
d3xχ∗µχ
µ − iN
2
Tr ln
(
1− 4 1
i6∂ + e6A−mχ
∗ · γ 1
i6∂ − e6A−mχ · γ
)
. (19)
Here, we used the identity ln detX = Tr lnX where Tr is the functional trace. If we set the
field χµ equal to zero, the effective action reduces to the usual fermion determinant, SA, as
it should be.
Before we calculate the effective action, we first concentrate on the phase structure in
terms of the coupling constant g. The phase structure is obtained by investigating the saddle
point or gap equation involving the vacuum expectation value v of the field χµ. Here, v is
taken as the Lorentz invariant scalar, and given by
v = 〈|χ|〉 , (20)
with |χ| = (χ∗µχµ)1/2. For the gap equation, we need to calculate the effective potential Veff ,
which is defined as
∫
d3xVeff = −Seff where the value of χµ is constant and the gauge field is
turned off:
Veff = −N
g
χ∗µχ
µ + i
N
2
∫ Λ d3p
(2π)3
tr ln
(
1− 4 16p−mγ
µ 1
6p−mγ
νχ∗µχν
)
, (21)
with Λ the spatial momentum cutoff and tr the trace of gamma matrices. This potential,
however, is not computed easily because the structure of the gamma matrices in the loga-
rithmic function of eq. (21) is not simplified. Here, we restrict ourselves to the case where
the value of χµ is close to zero. In this case, Veff may be expanded in powers of χµ and
hence the gap equation may be obtained approximately. If we expand Veff up to the first
nontrivial order, then the gap equation becomes, after a straightforward calculation,
0 =
1
N
δVeff
δv
≃ 2v
(
−1
g
+
2
3π
√
Λ2 +m2 +
8v2
9π|m|
)
. (22)
The solution of this equation with nonvanishing v (> 0) exists only when g is smaller than
the critical coupling g−1c ≡ (2/3π)
√
Λ2 +m2. In that region, v is given by
v2 ≃ 9π|m|
8
(
1
g
− 1
gc
)
, 0 < g < gc . (23)
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This clearly shows that the condensation of fermion-fermion pairs occurs in the weak cou-
pling phase. This result is the reasonable one if we recall the previous discussion on the
nonrelativistic limit of the interaction (2), in particular eq. (6) (g > 0 corresponds to the
attraction between fermions). In refs. [2,7], it has been argued that, if mT becomes very
large so that mT ≫ m, the fermion-fermion bound states would not form in the theory (1).
This is further supported by the weak coupling result (23), since, according to eq. (6), the
region of mT ≫ m corresponds to the strong coupling phase where the condensation does
not appear. Now we would like to note that eq. (23) is valid only in the region near the
critical point; if g is far from gc, eq. (23) cannot be trusted.
We now turn our interest to the effective action Seff . For its evaluation, we take the
derivative expansion method [12], which is well suited for obtaining the low energy effective
action. The fermion determinant SA would not be evaluated, since it is well known that
its evaluation leads just to the CS action in the low energy limit [13]. In particular, the
evaluation using the derivative expansion was also given in ref. [14] where, of course, the
same result was reproduced. Thus we would only quote the result which is given by
1
N
SA ≃ − e
2
4π
m
|m|
∫
d3xǫµνλAµ∂νAλ . (24)
If we recover the original CS action for the gauge field which was omitted in the Lagrangian
(7), this action leads just up to the renormalization of the CS coefficient κ, and the renor-
malized coefficient, κr, becomes κr = κ+
Ne2m
|m|
. We evaluate the SχA up to quadratic order
in the field χµ in the low energy limit and near the critical point gc, where the vacuum
expectation value v is very close to zero and hence the lowest order contribution in v is dom-
inant. The primary contribution comes from the term containing single derivative, χ∗∂χ.
Since the vector field χµ transforms under the gauge transformation, this term is not gauge
invariant. To make it gauge invariant, we must consider the coupling term with the gauge
field. The coupling terms may be obtained by expanding the denominators of eq. (19) in
powers of the gauge field. The first one, which is needed here, is of the form of Aχ∗χ. The
non derivative quadratic term is χ∗χ and may be inferred from the gap equation (22). If
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we assemble the calculations for the three terms until now, we get the expression of SχA as
follows:
1
N
SχA ≃ m
π|m|
∫
d3xχ∗µ
[
−ǫµνλ(∂ν + 2ieAν) + gµλM
]
χλ (25)
with M ≡ π m
|m|
(
1
g
− 1
gc
)
. This gives the Landau-Ginzburg like description for the s-wave
fermion-fermion pairs existing in system (1) in the low energy and the critical region. If
we recall the transformation of the field χµ under the gauge transformation, this action is
clearly gauge invariant.
The behavior of the field χµ may now be read off from the effective action (25). Specifi-
cally, we look at the equation of motion for the field derived as follows:
[−ǫµνλ(∂ν + 2ieAν) + gµλM ]χλ = 0 . (26)
If we ignore the gauge field for a moment, this is just the equation of motion for the spin
1 field following from the representation theory of the Poincare´ algebra in 2+1 dimensions
[15,16]. Thus the quanta of the field χµ behave like spin 1 vector bosons with the charge of
amount 2e. However, it should be noted that this is true only in the case of the weak coupling
phase. At the critical point, g = gc, the mass term for the field χµ in (25) disappears and
hence the field χµ becomes massless. Since the massless field is spinless in 2+1 dimensions
[1], the field χµ is so in this case, and it is explicitly distinguished from that in the weak
coupling case. Above the critical point, that is, in the strong coupling phase, g > gc, there is
no condensation of χµ. This implies that the fermion-fermion pairs do not form and hence
it is meaningless to consider the behavior of the field χµ describing them.
It is not so difficult to understand the fact that χµ is the spin 1 field in the weak coupling
phase. In 2+1 dimensions, the massive Dirac fermion has only one spin degree of freedom;
the spin of it can take only one of two possible values ±1
2
[1,17]. If we specify m > 0, the
spin of the fermion (antifermion) is +1
2
(−1
2
). Thus the spin of the fermion-fermion pair
is simply given by adding spin values of two constituent fermions, and becomes +1. This
contrasts with that of Cooper pairs in the usual BCS theory: the Cooper pair is constituted
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by two electrons with spin up and down respectively, and is described by spin zero scalar
field.
Now we would like to address the question whether or not the Meissner effect takes place
in the weak coupling phase. This may be answered by investigating the appearance of the
longitudinal mass of the gauge field. The related term in the derivative expansion of (19) is
A2χ∗χ. The direct calculation for it yields the result as follows:
N
8e2
π|m|
∫
d3xAµA
µχ∗νχ
ν , (27)
which is to be considered as one term in the effective action. This clearly shows that, if
condensation occurs, the gauge field aquires the longitudinal mass depending on the value
16Ne2v2/π|m| or 18Ne2mM/π|m|. The longitudinal mass is the origin of the screening of
external magnetic field, i.e. Meissner effect. Thus it may be concluded that the Meissner
effect occurs in the weak coupling phase.
There is the similarity between the field χµ and the gauge field that they are all massive
vector fields in the weak coupling phase. This causes us to expect the other symmetry
structure in addition to the U(1) gauge symmetry. In ref. [7], it was speculated that fermion-
fermion and antifermion-antifermion pairs and the gauge field would form an SU(2) isospin
triplet state in a certain situation, but without any detail analysis. We now give an attempt
for the realization of the symmetry with the low energy effective Lagrangian. Note that
the symmetry is approximate one unlike the U(1) gauge symmetry, since it would be valid
only in the low energy limit. If we choose m > 0 for certainty, the effective Lagrangian,
∫
d3xLeff = Seff , is written as
Leff = N
π
χ∗µ
[
−ǫµνλ(∂ν + 2ieAν) + gµλM
]
χλ
−κr
4π
ǫµνλAµ∂νAλ +
N
π
9e2MAµA
µ +O(∂2, v4) (28)
where the origianl CS term omitted in (7) is recovered. Although the Lagrangian seems to
be gauge noninvariant, the gauge symmetry of it is guaranteed if the higher derivative terms
and the higher polynomials in fields are considered. We first set
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χµ = B
1
µ + iB
2
µ , Aµ = 2
√
N
κr
B3µ (29)
and substitute these into (28). Then we obtain
Leff = −N
π
ǫµνλ

Baµ∂νBaλ + 8e
√
N/κr
3
ǫabcBaµB
b
νB
c
λ

+ N
π
MabBaµB
bµ +O(∂2, v4) (30)
where the isospin indices a, b, and c take the values of 1, 2 and 3 and the mass matrix Mab
is given by
Mab =


1 0 0
0 1 0
0 0 36e
2N
κr


M . (31)
Now, if κr takes the special value of 36e
2N , the Lagrangin (30) is invariant under the global
SU(2) isospin transformation,
Baµ → Uab(φ)Bbµ , (32)
where the matrix U(φ) = exp(iφaT a) is the element of the SU(2) group in the adjoint
representation with the generators (T a)bc = −iǫabc. Thus, in this special case, the field χµ,
its conjugate field and the gauge field form an SU(2) isospin triplet in the long wave-length
limit and in the weak coupling phase. At the critical point, the mass matrix Mab vanishes,
and the Lagrangian becomes just the non-Abelian CS theory which enjoys the local SU(2)
symmetry. This yields an interesting conclusion that the low energy nature of the system
would become topological at the critical point.
In summary, we have been concerned about the s-wave fermion-fermion pairs which may
appear in the topologically massive QED2+1 with some generalization. By considering the
Lagrangian where the appropriate four-fermion term responsible for the pairing is explicitly
included, we have given the Landau-Ginzburg like description for them in the low energy
limit and near the critical point. It has been shown that they are described by doubly charged
spin 1 vector bosons and, when they condense, the gauge field acquires the longitudinal mass
indicating the Meissner effect. Provided that κr = 36e
2N , it has been realized that there
10
appears the global SU(2) isospin symmetry due to the similarity between the condensate
fields and the gauge field in the condensation phase.
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